A weighted Version of Herz's theorem on the integrability of the Fourier transform is proved. The results sharpen a number of weighted estimates for the Fourier transform in the literature and are also used to obtain a multiplier's theorem for weighted Besov spaces.
l Introduction and preliminaries
It is a well-known fact that the integrability of the Fourier transform of a function (or a distribution) is intimately related to its smoothness. The result of this type is usually called Bernstein's theorem. A most important result in this area is probably the Herz-Beurling theorem, which characterizes the Fourier transform of a distribution in the homogeneous Besov space B^q (see [11] ). The results of Herz [11] also improve the Hausdorff-Young theorem. Closely related to this latter theorem is the weighted estimate for the Fourier transform, which can be traced back to the theorem by Pitt and the uncertainty inequality. We refer to [15] , [10] , [1] , [2] , [8] , [18] , [19] for various such weighted estimates. In this note, which is one in a series of papers begun with [4] and devoted to a study of weighted function spaces, we propose to give a weighted version of Herz's results. The theorems we shall prove sharpen a number of weighted estimates mentioned above in the same manner äs Herz's results did for the Hausdorff-Young theorem. As an application of these theorems, we derive sufficient conditions for a function to be a multiplier on weighted Besov spaces with power weights. The results in this paper were announced in [7] .
Next we shall define the function spaces needed in this paper. Let 5^(IR n ) = ff denote the Schwartz space of rapidly decreasing test functions and ^'(IR") = 9" its dual, the space of tempered distributions. The Fourier transform of a distribution / in </>' is denoted by / or Choose a function Θ in 5^ with the following properties:
For each 7 = 0, ± l, ± 2, . . . , let tp,· be the function in ,S^ given by ψ^ξ) = Θ(2~]ξ). Furthermore, let Φ e ^ be given by Φ (ξ) + Σ?= ι $/(£) = l for all ξ e IR".
Let 0</?<oo,0<i/<oo, -oo < α < oo, and w be a weight function in the Muckenhoupt class A^. Following J. Peetre [16] , we define the weighted Besov spaces , <oo
J=1
and their homogeneous versions,
where ||g|| p , w , = (J IR n|g(.T)| p w(,T)^\:) 1/p is the (quasi-)normon the weighted Lebesgue space L^,. We refer to [9] for properties of weight functions and to [4] for properties of the above weighted spaces. Note that the homogeneous spaces are defined modulo polynomials, i.e., they are embedded in 5^7^ the space of tempered distributions modulo polynomials.
We also let //£ denote the weighted Hardy space of all tempered distributions / for which sup 0 <t < oo Observe that, if w e A p and l < p < 2, then we have the following continuous embeddings:
Similar results hold for homogeneous spaces if we Interpret the embeddings modulo polynomials.
In order to describe the integrability of distributions in the weighted Besov spaces, we shall introduce a weighted version of a scale of function spaces defined by C. S. Herz (see [11] , [12] , [3] ). Let μ be a non-negative, measurable function (on IR"). Fix 0 < γ < δ < oo, and let 0 <p < oo, 0 < q < oo and -oo < α < οο. Define
(with the usual Interpretation when q = oo). Then K*^ is a quasi-Banach space. Moreover, K*i% does not depend on 7 or δ, and for difterent values for y and δ, the corresponding expressions on the right-hand side of the above give equivalent quasi-norms. Below we shall list some further elementary properties of these spaces.
(a) If l < ρ < Ί;+ιΜ; < σ < oo, j = 1,2, ..., then
is an equivalent quasi-norm on T£J, and fe K^ if and only if (l + |.v|) a /e K$£. We also note that T. Mizuhara [14] obtained some embedding theorems between Beurling-Herz spaces and the local Hardy spaces. Consequently, he showed that certain weighted Lebesgue spaces can be continuously embedded in the local Hardy spaces.
The following C 0 " -version of Lusin's theorem in measure theory seems Standard, however, since we could not find it in the literature, we shall include a proof for easy reference. We follow [17] for terminologies in measure theory. Since the set of simple functions is dense in L%(X), 0 < p < oo, we deduce that is also dense in
Proposition 1.1 Let X be a smooth, n-dimensional manifold, and let μ be a non-negative, complete, regul r measure on a σ-algebra Min X, which contaim all open subsets ofX, such that μ(Κ) < oo for all compact subsets K in X. Assume that s is a complexvalued simple function in X such that Then for every ε > 0, there exists g e &(X), t he space of all infinite ly differentiable functions on X with compact
In the rest of this note we shall use C to denote a positive constant which might change at each occurrence.
Bernstein's theorem on inhomogeneous spaces
Hereafter we use 3F to denote the Fourier transform.
Theorem 2.1 Let l < p < r < oo and -oo < α < oo.
(i) Assume that w e A^, and μ is a non-negative measurable function such that there exists M > 0 for which
is bounded for all 0 < q < oo.
(ii) Assume that με A^, and w is a non-negative measurable function such that there exists N > 0 for which
. We start with the proof of (i). Note that by (1), functions in U^ have slow growth (at infinity), so that υ μ c 5^' (continuous embedding). Proposition 1.1 and (2) then imply that the Fourier transform ^ is uniquely extended to L£, and (2) be the Gauss-Weierstrass kernel on fR+ +1 , and u (·,/) = ^ */. By an argument similar to the proof of Lemma 4 in [3] and using the characterization of the weighted Besov spaces via temperatures in [5] , it can be shown that, for each / > 0, / = /= e l^2 (-, t) is a function having slow growth. Let The above two estimates imply the conclusion in (ii).
Remark. There are many weighted estimates for the Fourier transform in the literature (see e.g. [2] , [10] , [15] ), and our theorem can be used to sharpen these results. We just mention two such examples below.
In [15] , B. Muckenhoupt proved that if l < p < 2, and there exists A > 0 such that (
ii) Assume that με A^, and that w is a non-negative measurable function such that there are real numbers a, b for which
appropriately defined, is boundedfrom K£™ to Bf£.
Proof. We begin with the proof of (i). First, note that, since μ 1 ~r is locally integrable on IR" \{0}, functions in Π μ are also locally integrable there, so that υ μ c ® '(|R n \{0}) (continuous embedding).
Let g e //£. Then by [4, Lemma 4.4] , there is a sequence {gy} in 5^ such that each g. = ^g. is in @(IR" \{0}) and g,· -> g in //£ (and hence in &"). It follows from (4) that {^gj} is a Cauchy sequence in L£, so that there exists A 6 Π μ for which ^g 7 -> A in L^ and hence in ® '((R" \{0}). On the other hand ^gj -> «^g in <?\ and we deduce that 2Fg = A in ^'([R" \{0}). Moreover, if J^g = 0 in a neighbourhood of the origin, then 3Fg = h in 5^', and (4) holds for g, i.e., Since ^0 is dense in 5^' and ,^ is an isomorphism between #o and ,9^ ( s Frechet spaces), J^ is uniquely extended to an isomorphism between ^ and &%. Next we shall show that K£™ is continuously embedded in ,9J', so that J^ is defined on ^. For this aim, let feK* p ™ and φε<%. Then, since 0e^ has partial derivatives of all Orders which vanish at the origin, for all |ξ|<2, and for all |£|>1. The proof of (ii) is then completed in a way similar to the proof of Theorem 2. l (ii).
Remark. Besides the papers mentioned previously, there are others dealing with weighted estimates for functions with vanishing moments (see [1] , [8] , [18] , [19] ), and our theorem can be applied to the type of weight functions considered in these papers to improve a number of weighted estimates for the Fourier transform contained therein, in a similar way to the Remark to Theorem 2.1.
An application to multipliers
We shall use the results obtained in previous sections to study multipliers on weighted Besov spaces. Though we shall deal only with homogeneous spaces, similar results hold for inhomogeneous ones, and precise formulations for the latter case are left to the interested reader. First we recall the following Pitt's inequality, of which the result by Muckenhoupt is an extension.
Pitt's inequality. Assume that l < p < r < oo, and (7) and (9), we have proved the following theorem. Remark. The results in Theorem 4.1 complement those in [6] .
